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ABSTRACT
Recent Planck observations of dust polarization in the Galaxy have revealed that
the power in E mode is twice that in B mode. Caldwell et al. have formulated a
theoretical model in the context of magnetohydrodynamic (MHD) turbulence and
found it problematic to account for this result. In particular, they concluded that there
is a very narrow range of theoretical parameters that could account for the observation.
This poses a problem of whether the accepted description of MHD turbulence can
apply to the interstellar medium. We revisit the problem and demonstrate that MHD
turbulence corresponding to the high galactic latitudes range of Alfvén Mach numbers,
i.e.MA . 0.5, can successfully explain the available results for the E to B mode ratio.
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1 INTRODUCTION
The dominant polarized foreground of the cosmic microwave
background (CMB) above 100 GHz comes from thermal
emission by aligned dust grains. These grains get aligned
with longest dimension perpendicular to magnetic field (see
Lazarian 2007 for a review) and, as a result, the polarization
traces interstellar magnetic fields weighted by the dust den-
sity. These magnetic and density fields are expected to be
turbulent (see Armstrong et al. 1995; Chepurnov & Lazar-
ian 2010; see also McKee & Ostriker 2007 for a review), and
therefore dust polarization measurement can be an impor-
tant probe to turbulence in the interstellar medium (ISM).
Moreover, dust polarization interferes with the CMB polar-
ization measurements, thus the foreground contribution of
dust polarization should be properly accounted for success-
ful CMB polarization studies.
A linear dust polarization map can be decomposed into
two rotationally invariant modes, E mode and the B mode.
For a randomly oriented polarization map, the two modes
are expected to have equal power. The recent Planck mea-
surement (Planck Collaboration et al. 2016) of dust polariza-
tion at 353 GHz, however, has shown different results: first,
the ratio of power in E mode is twice to that in B mode,
and secondly, there is a positive temperature E-mode (TE)
cross-correlation. Caldwell et al. (2017, hereafter CHK17)
have tried to explain the observed EE/BB ratio and TE
correlation in the context of magnetohydrodynamical tur-
bulence using the description of turbulence in the observer’s
frame (see Lazarian & Pogosyan 2012). Their main conclu-
sion is that at large scale turbulence could be unimportant,
as there is a very narrow range of parameters in the theoret-
ical model that could possibly mimic the Planck result. This
result perturbed the community as it questions the gener-
ally accepted notion of turbulent origin of dust-polarization
fluctuations.
In this Letter we revisit the problem and argue that
with realistic ISM conditions, the range of theoretical pa-
rameters that mimics the Planck result does not contradict
to what we know about the ISM at high galactic latitudes.
In fact, we show that the Planck result can be explained in
the context of MHD turbulence if the Alfvén Mach num-
ber in the high Galactic latitude is less than 0.5. The latter
number is in agreement with the existing expectations (see
Beck 2016).
The structure of our Letter is the following. In Sec. 2,
we briefly review three fundamental modes, Alfvén, fast and
slow, of magnetohydrodynamic turbulence, and write down
expressions of fluctuations of magnetic field and density in-
duced by these modes. In Sec. 3, we present the model we
adopt in the Letter, and write down relevant expressions for
the power of E and B mode. We present our results for E
and B power ratio for three fundamental MHD modes in
Sec. 4, and discuss these results in Sec. 5.
c© 2017 The Authors
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2 MODE DESCRIPTION OF MHD
TURBULENCE
The work of Goldreich & Sridhar (1995, hereafter GS95) has
made substantial progress in the theory of incompressible
MHD turbulence. The GS95 model predicts a Kolmogorov
velocity spectrum and scale-dependent anisotropy, and these
predictions have been confirmed numerically (Cho & Vish-
niac 2000; Maron & Goldreich 2001), and are in good agree-
ment with observations (see Vishniac et al. 2003). A im-
portant property of incompressible MHD turbulence is that
fluid motions perpendicular to magnetic field are identical
to hydrodynamic motions, thus providing a physical insight
as to why in some respect MHD turbulence and hydrody-
namic turbulence are similar, while in other respect they are
different.
MHD turbulence is in general compressible. The de-
scription of incompressible MHD turbulence was extended
to account for compressibility of turbulent media in Cho &
Lazarian (2002, 2003) by decomposing motions into basic
MHD modes (Alfvén, slow and fast). The Alfvénic and slow
modes keep the scaling and anisotropy of the incompressible
MHD, while fast modes shows different scaling and exhibits
isotropy in power spectrum.
The properties of MHD turbulence depend on the de-
gree of magnetization, which can be characterized by the
Alfvén Mach number MA = VL/a, where VL is the injection
velocity at the scale L and a is the Alfvén velocity. For super-
Alfvénic turbulence, i.e. MA  1, magnetic forces should
not be important in the vicinity of injection scale, thus cor-
responding to the case of marginally perturbed magnetic
field. For sub-Alfvénic turbulence, i.e. MA < 1, magnetic
forces are important, and turbulence statistics are highly
anisotropic. Another important parameter is the plasma β
(≡ Pgas/Pmag), which characterizes compressibility of a gas
cloud. Formally, β →∞ denotes incompressible regime.
Here, we briefly describe statistical properties of the
fluctuations of magnetic and density fields induced by mo-
tions in three MHD modes. These statistical properties are
determined by the allowed plasma displacements in each
mode. To facilitate comparison with CHK17, we use their
notations. The line of sight (LOS) is assumed to be along
the z−axis, and the mean fieldH0 = H0(sin θ, 0, cos θ) is as-
sumed to be aligned in the x−z plane making an angle θ with
the LOS. We consider perturbations with two-dimensional
wavevector K = K(cosψ, sinψ, 0) in the x− y plane of the
sky, as observations effectively give the two dimensional sky
maps. The angle α between wavevector and magnetic field
is then cosα = sin θ cosψ.
The power spectrum of magnetic field perturbation is
given by (see Cho & Lazarian 2002; CHK17)
Pi,H(k, α) = Pi(k)Fi(α) [hi(α)]2 , (1)
where i = {a, f, s}, denotes Alfvén, fast and slow modes. The
hi(α) describes anisotropic tensor structure of each modes
as determined by the allowed displacement in a plasma (see
Lazarian & Pogosyan 2012). Specifically,
ha(α) =
1
a
, (2)
where a ≡ H0/√4piρ0 is the Alfvén speed. Additionally,
hf(α) =
k
ω
sinα(
ζ2f cos2 α+ sin2 α
)1/2 , (3)
and
hs(α) =
k
ω
ζs sinα
(cos2 α+ ζ2s sin2 α)1/2
. (4)
In addition, the fast and slow modes satisfy the following
dispersion relation(
ω
k
)2
= a
2
2 (1 + β/2)
[
1±
(
1− 2β cos
2 α
(1 + β/2)2
)1/2]
, (5)
where plus sign is for fast mode and minus for slow mode.
In equations (3) and (4),
ζf =
1−√D + β/2
1 +
√
D − β/2 tan
2 α ,
ζs =
1−√D − β/2
1 +
√
D + β/2
cot2 α ,
D = (1 + β/2)2 − 2β cos2 α . (6)
In equation (1), Pi(k)Fi(α) describes anisotropic power,
which contains factorised scale dependent part and an angle
dependent part. Since the power spectrum of fast mode is
isotropic
Ff(α) = 1 , (7)
while the anisotropic part of the power spectrum applicable
for Alfvén and slow modes is given by (GS95)
Fa,s(α) = exp
[
−M
−4/3
A cos
2 α
(sin2 α)2/3
]
. (8)
Note that CHK17 use a toy model
Fa,s(α) = (sin2 α)−λ , λ < 0 (9)
which mimics the fact that fluctuations along the direction
of magnetic field are suppressed.
Within our model, Alfvén modes cannot induce any
density fluctuations, the only contribution to density fluctu-
ations comes from fast and slow compressible modes. At lin-
ear level, applying continuity equation together with frozen-
in condition for magnetic field in plasma, gives density per-
turbations produced by fast and slow modes as
δni
n0
= gi(α)hi(α)|v| = gi(α) |δH|
H0
, (10)
where
gf(α) =
ζf cos2 α+ sin2 α
sinα , (11)
and
gs(α) =
cos2 α+ ζs sin2 α
ζs sinα
. (12)
Thus, the power spectrum of density fluctuations is
Pρ(k, α) = Pi(k)Fi(α) [gi(α)hi(α)]2 , (13)
We remark that equation (10) should not be over-interpreted
to mean that gas density and magnetic field fluctuations are
not independent degrees of freedom. Indeed, equation (10)
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is written in Fourier – frequency k, ω domain, and has a
structure ωδn(k, ω) ∝ ωδH(k, ω). On the fixed time hyper-
surface, it relates time derivatives of the gas density and the
magnetic field, while there is still a free time independent
function that can be added in the relation between density
and magnetic field themselves. How correlated the density
and magnetic field fluctuations at fixed time are in the de-
veloped turbulence is a subject for discussion. In general,
the correlation depends on the sonic Mach number, since
it determines whether or not density clumps will develop
(Burkhart et al. 2009). Numerical studies show that for sub-
sonic case, density and magnetic field are weakly correlated,
while correlation start to become important for super-sonic
turbulence (see Burkhart et al. 2009). Turbulence in the
galaxy is expected to be sub-sonic, at least for the warm
gas, and therefore, it is not unreasonable to consider the
limit when density and magnetic field are not tightly corre-
lated.
The model of MHD turbulence we presented has the fol-
lowing main parameters: MA, and β. Anisotropy is highly
sensitive toMA (see equation 8). Although equation (9) also
describes correct qualitative features of anisotropies, it is
MA which is a physical parameter (formally λ  1 corre-
sponds to MA  1, both of which are highly anisotropic).
Ultimately, observational data should be used to place limits
in space of physical parameters, MA and β. Another con-
sideration that needs to be made is the model of density
fluctuations, and their correlation with magnetic field.
3 E AND B MODES INDUCED BY DUST
POLARIZATION
The two-dimensional projection of polarized emission is as-
sumed to have a form of
P = Q + iU = AndHγ(Hx + iHy)2 , (14)
where γ is an exponent1. For γ = −2, the polarized emis-
sion is independent of magnetic field strength. In equation
(14), nd is dust density which we take to be proportional to
gas density (see Lazarian & Yan 2002), and A < 0 is a con-
stant, and its value is taken to be negative so that the dust
polarization is perpendicular to the direction of magnetic
field.
For a given Fourier mode of wavevector K transverse to
the LOS in a box of radial width ∆r, the E and B modes
at the multipole l = K∆r will have the form (CHK17)
E˜ = An0H2+γ0
∆r
r2
[
− sin 2θ sinψsinα
δHa
H0
+
sin2 θ
[
−2 sin2 ψ(1 + γ sin2 α) + γ sin2 α
]
sinα
δH˜p
H0
+ sin2 θ cos 2ψ δn˜d
n0
]
, (15)
1 Similar ansatz has been used for synchrotron emission, where
nd plays the role of relativistic electrons (see Lazarian & Pogosyan
2012).
B˜ = An0H2+γ0
∆r
r2
[
− sin 2θ cosψsinα
δHa
H0
−2 sin
2 θ sinψ cosψ(1 + γ sin2 α)
sinα
δH˜c
H0
− sin2 θ sin 2ψ δn˜d
n0
]
, (16)
where δnd/n0 is the fractional dust density perturbation,
δHa/H0 and δHp/H0 are the fractional magnetic field per-
turbations due to Alfvén modes and compressible (fast and
slow) modes. In this Letter, we explore the case of uncorre-
lated dust density and magnetic field in comparison to the
completely correlated prescription used in CHK17. Quanti-
tatively, we use equation 10 to estimate the minimum level
of amplitude that density fluctuations will develop in turbu-
lence; but we still treat density and magnetic field contribu-
tions to observables to be uncorrelated. Our further results
show that E/B ratio is not very sensitive to the level of
correlation between δnd and δH.
Using equations (15) and (16), one can easily show that
the power of E and B mode for Alfvén wave is
E˜2 ∝ sin2 2θ sin
2 ψ
sin2 αPH + sin
4 θ cos2 2ψPρ , (17)
B˜2 ∝ sin2 2θ cos
2 ψ
sin2 α PH + sin
4 θ sin2 2ψPρ , (18)
where Pρ ≡ 〈(δn/n0)2〉 and PH ≡ 〈(δH/H0)2〉 are power
spectrum of fractional density and magnetic field perturba-
tions, respectively.
Similarly, it can be shown that for compressible modes,
E˜2 ∝ sin
4 θ
[
−2 sin2 ψ(1 + γ sin2 α) + γ sin2 α
]2
sin2 α PH
+ sin4 θ cos2 2ψPρ , (19)
and
B˜2 ∝ sin
4 θ sin2 2ψ(1 + γ sin2 α)2
sin2 α PH + sin
4 θ sin2 2ψPρ .
(20)
The main quantity of interest for us is the ratio of power in
E mode to that in B mode. This ratio has been obtained
from the Planck survey at high galactic latitudes. Formally,
we characterize this ratio as
R =
∫
dΩE˜2∫
dΩB˜2
, (21)
where each integral represent three dimensional angular av-
eraging.
4 RESULTS
In Fig. 1, we calculate contributions to E and B power, and
their ratios, for each MHD mode individually at different
plasma β using power spectrum of velocity field given by
equations (2)) and (8), and density fluctuation magnitude
given by equation (10), but assuming uncorrelated density
and magnetic field so that power in density and magnetic
field add in square. These contributions are sensitive to β
only for slow and fast modes. First, since fast modes have
MNRAS 000, 1–4 (2017)
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isotropic power spectrum, the ratio they give is a flat num-
ber for a fixed β. At small β, E and B powers are mostly
dominated by slow modes, for β ∼ 1 by fast modes, and
for large β by Alfvén modes, except at low MA, where fast
modes contribute significantly to B power. At low β, the
E/B power ratio that this mode gives is ∼ 1.8. Next, slow
modes give rise to a ratio of ∼ 2 or larger at MA < 0.4 at
up to β ∼ 1. Similarly, Alfvén mode gives a ratio of 2 for
MA < 0.5.
Exact mode composition of turbulence is another un-
known. We first consider a possible scenario of equal mix of
all three modes as shown in Fig. 2, where it is shown that
the E to B ratio is & 2 at MA . 0.5. It is expected that
the power scaling Pf (k) ∼ k−7/2 for fast modes is different
from Pa(k), Ps(k) ∼ k−11/3 for Alfvén and slow modes (Cho
& Lazarian 2002). In this case, E/B power ratio will have
weak scale dependence, which we neglect at the level of cur-
rent discussion. Comparing the left-hand panel and centre
panel of Fig. 2, we see that correlation of magnetic field and
density has low impact in the E/B power ratio. However,
within our model, there is a range of MA which fits with
observed E/B power ratio even for β ∼ 1, while the one
adopted by CHK17 cannot reach this ratio for β ∼ 1.
We also consider another possible scenario where
isotropic fast modes are absent, and so that turbulence is
mostly an equal mix of Alfvén and fast modes. As shown
in Fig. 3, there is a wider range of MA for which ratio of
2 or more can be achieved. However, comparing Fig. 3 and
left-hand panel of Fig. 2, one can see that presence of fast
modes drives the ratio closer to 2 at low MA.
Finally, we further test the effects of density fluctua-
tions by considering limiting cases when dust density in-
homogeneities are either dominant or negligible relative to
magnetic field inhomogeneities2. In the former case, if the
density field is isotropic, the E and B power ratio will be
driven towards unity, instead of 2. Maintaining a ratio of 2
will, thus, require fairly anisotropic dust density. For the lat-
ter case of negligible density fluctuations, we plot the E/B
power ratio in the right-hand panel of Fig. 2. As shown in
Fig. 2, the ratio of 2 is achieved for wider range of MA,
perhaps even for MA ∼ 0.8.
5 DISCUSSION AND SUMMARY
Studies of the Alfvén Mach number are still at its infancy. A
number of promising ways to studyMA have been suggested
(see Esquivel & Lazarian 2005, 2010, 2011; Burkhart et al.
2014; Esquivel et al. 2015; Lazarian et al. 2017) and tested
with numerical simulations. However, we are not aware of
the practical observational studies of MA using these tech-
niques. Therefore, we have to rely on more indirect ways of
2 In fact, dust density fluctuations could be induced by a com-
pletely independent process, and therefore, both amplitude and
level of anisotropy of density field could be very different from
what was modelled in Sec. 2.
evaluating the Alfvén Mach number. Observations show that
while the turbulence in the disc, where driving takes place, is
trans-Alfvénic, the magnetic field structure is less perturbed
in the intermediate to high latitude (see Beck 2016). Thus,
one expects to have sub-Alfvénic turbulence at high lati-
tudes. More arguments in favour of sub-Alfvénic turbulence
are provided in Lazarian (2016), where it is shown that it
is not possible to explain the data on cosmic ray isotropy
unless the turbulence is sub-Alfvénic at high galactic lati-
tudes. We accept that it is the direct measurements of MA
that provides the acid test for our present explanation, and
expect that our work will stimulate observational studies
of MA. A more detailed analysis of turbulence using polar-
ization of dust as well as synchrotron polarization will be
presented in our forthcoming paper.
In this Letter, using a realistic model of anisotropic ve-
locity power spectrum in terms of physical parameter MA,
we have shown that for MA = 0.5, the E/B power ratio can
be about 2. As we argued above, this value of MA is reason-
able for high galactic latitudes. Thus, we stress that the E/B
power ratio results from Planck observation are consistent
with the present day model of MHD turbulence, as long as
the turbulence in the high latitude is sub-Alfvénic. Future
observations shall provide us more information about the
Alfvén Mach number at various Galactic latitudes.
REFERENCES
Armstrong J., Rickett B., Spangler S., 1995, ApJ, 443, 209
Beck R., 2016, A&ARv, 24, 4
Burkhart B., Falceta-Gonçalves D., Kowal G., Lazarian A., 2009,
ApJ, 693, 250
Burkhart B., Lazarian A., Leão I., De Medeiros J., Esquivel A.,
2014, ApJ, 790, 130
Caldwell R. R., Hirata C., Kamionkowski M., 2017, ApJ, 839, 91
Chepurnov A., Lazarian A., 2010, ApJ, 710, 853
Cho J., Lazarian A., 2002, Phys. Rev. Lett., 88, 245001
Cho J., Lazarian A., 2003, MNRAS, 345, 325
Cho J., Vishniac E. T., 2000, ApJ, 539, 273
Esquivel A., Lazarian A., 2005, ApJ, 631, 320
Esquivel A., Lazarian A., 2010, ApJ, 710, 125
Esquivel A., Lazarian A., 2011, ApJ, 740, 117
Esquivel A., Lazarian A., Pogosyan D., 2015, ApJ, 814, 77
Goldreich P., Sridhar S., 1995, ApJ, 438, 763
Lazarian A., 2007, Journal of Quantitative Spectroscopy and Ra-
diative Transfer, 106, 225
Lazarian A., 2016, ApJ, 833, 131
Lazarian A., Pogosyan D., 2012, ApJ, 747, 5
Lazarian A., Yan H., 2002, ApJLetters, 566, L105
Lazarian A., Yuen K. H., Lee H., Cho J., 2017, ApJ, 842, 13pp
Maron J., Goldreich P., 2001, ApJ, 554, 1175
McKee C. F., Ostriker E. C., 2007, ARA&A, 45, 565
Planck Collaboration et al., 2016, A&A, 586, A133
Vishniac E., Lazarian A., Cho J., 2003, Turbulence and Magnetic
fields in Astrophysics, pp 376–401
This paper has been typeset from a TEX/LATEX file prepared by
the author.
MNRAS 000, 1–4 (2017)
Ratio of E to B mode power for dust galactic foreground 5
��� ��� ��� ��� ���
�
�
��
��
��
��
��
��
��� ��� ��� ��� ���
�
�
�
�
�
�
��� ��� ��� ��� ���
���
���
���
���
���
���
���
��� ��� ��� ��� ���
�
�
��
��
��
��
��
��
��� ��� ��� ��� ���
���
���
���
���
���
���
���
��� ��� ��� ��� ���
���
���
���
���
���
���
���
��� ��� ��� ��� ����
�
�
�
�
��� ��� ��� ��� ����
�
�
�
�
��� ��� ��� ��� ���
�
�
�
�
�
Figure 1. Upper row: E power amplitude for three modes at various β. Centre row: B power amplitude for three modes at various β.
In both these panels, E and B are in arbitrary units, and γ = −2. Lower row: ratio of E to B power for three modes at various β. The
dotted line represents the observed E to B power ratio of 2.
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Figure 2. Left: ratio of E to B power for equal mix of three MHD modes at various β assuming uncorrelated density and magnetic field.
Center: the same for equal mix of all three modes using the density model prescribed by CHK17. The difference between our prescription
and that of CHK17 is seen mostly at low MA for β ∼ 1. Right: the same but assuming negligible density fluctuations. All figures are
produced for γ = −2.
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Figure 3. E to B power ratio for equal mix of only Alfvén and
slow modes at various β, for γ = −2. The dotted line represents
the observed ratio of 2.
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